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Observables: *-algebra, e.g. von Neumann algebra M C B(Hs)
States: wjp;: M — C positive normalized linear functional
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Observables: *-algebra, e.g. von Neumann algebra M C B(Hs)
States: wjp;: M — C positive normalized linear functional

The right maps between (M, wys) and (N,wy) are ¢: M — N, such that
1. linear ¢p(m + Am') = ¢(m) + Ap(m/)
2. unital ¢(157) = 1n
3. completely positive, i.e. the amplified maps

¢n = ¢ ®id: M ® Mat,(C) — N @ Mat,(C)

are positive.
» E.g. x-homomorphisms p: M — N
» 3 a representation w: M — B(K) and an isometry V: Hy — K, such
that ¢(-) = V*x(-)V. In particular, ¢(m*) = ¢p(m)*

4. stochastic wy(p(m)) = wpr(m) for all m € M.
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Quantum Field Theory
Idea:



Quantum Field Theory
Idea:

A(0) = {¢(f): supp(f) C O} H =UoA(0)

Abstractly, net of von Neumann algebras: (O — A(O),H,Q € H)
» O C 02 = A(01) C A(O2)
» O1, Oy spacelike separated = A(O;) an A(Oz) commute

» w(-)=(Q, Q) vacuum state.

Marcel Bischoff (Ohio University) . ~ Symmetries in QFT beyond Groups . _— 07/22/2017



Quantum Field Theory
Idea:

A(0) ={a(f): supp(f) O} H=UoAO)Q

Abstractly, net of von Neumann algebras: (O — A(O),H,Q € H)
» O C 02 = A(01) C A(O2)
» O1, Oy spacelike separated = A(O;) an A(Oz) commute
» w(-)=(Q, Q) vacuum state.

A gauge automorphism/inner symmetry o € Aut(A) is a compatible
family a = {O — ap}, where ap is an automorphism of (A(O),w).
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Quantum Field Theory
Idea:

A(0) ={a(f): supp(f) O} H=UoAO)Q

Abstractly, net of von Neumann algebras: (O — A(O),H,Q € H)

» O C 02 = A(01) C A(O2)

» O1, Oy spacelike separated = A(O;) an A(Oz) commute

» w(-)=(Q, Q) vacuum state.
A gauge automorphism/inner symmetry o € Aut(A) is a compatible
family a = {O — ap}, where ap is an automorphism of (A(O),w).
Remark

We get a unitary U, by UymQ = ap(m)S2, which implements «, i.e.
ao(+) =Uy - U} for all O and U, commutes with space-time symmetries.
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Doplicher—Haag—Roberts superselection theory

If Ais a nice QFT net of observables, then
» 3! (G, k) with G a compact group and k € Z(G) and involution

» 3! F D A a (possible Zy-graded) local field net with DHR(F) trivial
and G < Aut(F), such that

_ LG bk
A=F", DHR(A) = Rep”(G)
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Doplicher—Haag—Roberts superselection theory

If Ais a nice QFT net of observables, then
» 3! (G, k) with G a compact group and k € Z(G) and involution

» 3! F D A a (possible Zy-graded) local field net with DHR(F) trivial
and G < Aut(F), such that

_ G LR
A=F", DHR(A) = Rep”(G)

Subnets of observables:
» If B C A an irreducible subnet, then 3! H > G and B = FH.
» If G = N < H normal, then B = A7/N
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Doplicher—Haag—Roberts superselection theory

If Ais a nice QFT net of observables, then
» 3! (G, k) with G a compact group and k € Z(G) and involution

» 3! F D A a (possible Zy-graded) local field net with DHR(F) trivial
and G < Aut(F), such that

_ G LR
A=F", DHR(A) = Rep”(G)

Subnets of observables:
» If B C A an irreducible subnet, then 3! H > G and B = FH.
» If G = N < H normal, then B = A7/N

Slogan

Global symmetries and superselection rules are completely described by
(super-)groups.

Most of this fails for low-dimensional QFT.
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A local (conformal) net on S = R U {oo} is a map
RD>I+— A(I) C B(H)

fulfilling a bunch of axioms including:
» Isotony: A(l) C A(J) forI CJ
» Haag duality: A(I") = A(I), where I’ = R\ T ~ locality:
[A(I), A(J)] = {0} for I C J'.
» Covariance: U: G - U(H), s.t. U(g)A(I)U(g9)* = A(gl).
» Vacuum: Unique (up to phase) G-invariant unit vector 2 € H, s.t.

\/[A(I)Q ="H.
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A local (conformal) net on S = R U {oo} is a map
RD>I+— A(I) C B(H)

fulfilling a bunch of axioms including:
» Isotony: A(l) C A(J) forI CJ
» Haag duality: A(I") = A(I), where I’ = R\ T ~ locality:
[A(I), A(J)] = {0} for I C J'.
» Covariance: U: G - U(H), s.t. U(g)A(I)U(g9)* = A(gl).
» Vacuum: Unique (up to phase) G-invariant unit vector 2 € H, s.t.

VIADQ =H.
Motivation
» axiomatizes Unitary Chiral Conformal Field Theory
» describes edge of Topological Phases of Matter, Topological Quantum
Computing
» 3-manifold invariants, 3-2-1 Topological Field Theories, 2+1d
Quantum Gravity (Witten)
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QuOp(A)

A quantum operation ¢ € QuOp(A) on A is a family
¢ ={¢r: A(I) = A(I)} with
» Compatible: ¢; [ A(I) = ¢y for I C J
» Unital completely positive, i.e. ¢;(1) =1 and
¢r®id: A(1) @ M, (C) = A(I) ® M, (C) is positive for all n € N.
» Vacuum preserving (2, aQ)) = (2, ¢1(a)Q2) for a € A(I).
» Extremal, i.e. ¢7 = \p1 + (1 — A)tbg for some A € (0,1) and )1, 1
vpucp then 91 =3 = ¢r.
» (-Markov: there is an 2-adjoint gf)ﬁl with
(¢%(a)2,09) = (aQ, ¢1 (b)) for a,b € A(I).
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QuOp(A)

A quantum operation ¢ € QuOp(A) on A is a family
¢ ={¢r: A(I) = A(I)} with
» Compatible: ¢; [ A(I) = ¢y for I C J
» Unital completely positive, i.e. ¢;(1) =1 and
¢r®id: A(1) @ M, (C) = A(I) ® M, (C) is positive for all n € N.
» Vacuum preserving (2, aQ)) = (2, ¢1(a)Q2) for a € A(I).
» Extremal, i.e. ¢7 = \p1 + (1 — A)tbg for some A € (0,1) and )1, 1
vpucp then 91 =3 = ¢r.
» (-Markov: there is an 2-adjoint gf)ﬁl with
(¢%(a)2,09) = (aQ, ¢1 (b)) for a,b € A(I).

Generalization of the group of global gauge automorphisms:

Aut(A) = QuOp(A)* € QuOp(A)
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Notation:
> Q= {¢po,...,0n} finite set, CQ free vector space over K
» Conv(Q) ={D°" g Xidi € CQ: A\ €[0,1] and > 7" (N =1}
> i < Y p_g bk € Conv(Q) if and only if A; > 0.
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Notation:
> Q= {¢po,...,0n} finite set, CQ free vector space over K

» Conv(Q) ={D°" g Xidi € CQ: A\ €[0,1] and > 7" (N =1}
> i <D p_o Mdr € Conv(Q) if and only if X; > 0.

Definition
A (finite) hypergroup is a set Q = {¢o, ..., P, } with an evolution i + i
and a structure of an associative unital x-algebra structure on CQ:

¢iod; = Chor, ¢ =¢;, withidentity ¢o =1, such that
k=0
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Notation:
> Q= {¢po,...,0n} finite set, CQ free vector space over K

» Conv(Q) ={D°" g Xidi € CQ: A\ €[0,1] and > 7" (N =1}
> i <D p_o Mdr € Conv(Q) if and only if X; > 0.

Definition
A (finite) hypergroup is a set Q = {¢o, ..., P, } with an evolution i + i
and a structure of an associative unital x-algebra structure on CQ:

¢iod; = Chor, ¢ =¢;, withidentity ¢o =1, such that
k=0

» Normalization: ¢; o ¢ € Conv(K)
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Notation:
> Q= {¢po,...,0n} finite set, CQ free vector space over K

» Conv(Q) ={D°" g Xidi € CQ: A\ €[0,1] and > 7" (N =1}
> i <D p_o Mdr € Conv(Q) if and only if X; > 0.

Definition
A (finite) hypergroup is a set Q = {¢o, ..., P, } with an evolution i + i
and a structure of an associative unital x-algebra structure on CQ:

¢iod; = Chor, ¢ =¢;, withidentity ¢o =1, such that
k=0

» Normalization: ¢; o ¢ € Conv(K)
» Antipode: ¢y < ¢; o ¢; if and only if j = i.
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Notation:
> Q= {¢po,...,0n} finite set, CQ free vector space over K
» Conv(Q) ={D°" g Xidi € CQ: A\ €[0,1] and > 7" (N =1}
> i < Y p_g bk € Conv(Q) if and only if A; > 0.

Definition

A (finite) hypergroup is a set Q = {¢o, ..., P, } with an evolution i + i
and a structure of an associative unital x-algebra structure on CQ:

¢iod; = Chor, ¢ =¢;, withidentity ¢o =1, such that
k=0

» Normalization: ¢; o ¢ € Conv(K)
» Antipode: ¢y < ¢; o ¢; if and only if j = i.

Then wy, = (CP;)~! > 1 is called weight and D(Q) = Y, w;, global
weight.
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Examples of hypergroups:
» G finite group with ¢* = ¢!, we =1 and D(G) = |G].
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Examples of hypergroups:
» G finite group with ¢* = g%, we =1 and D(G) = |G|.
» L < K then the double quotient K //L is a hypergroup.
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Examples of hypergroups:
» G finite group with ¢* = ¢!, we =1 and D(G) = |G].
» L < K then the double quotient K //L is a hypergroup.
» Character hypergroup K(G) = {cr : ¢ € Irrep(G)} (Frobenius 1896)

drm

Cry O Cry = Z dim Homg (m ® Wz,w)m .

welrrep(G)

Cr

with w, = dim(7)? and D(K) = |G]|.
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Examples of hypergroups:
» G finite group with ¢* = ¢!, we =1 and D(G) = |G].
» L < K then the double quotient K //L is a hypergroup.
» Character hypergroup K(G) = {cr : ¢ € Irrep(G)} (Frobenius 1896)

drm

Cry O Cry = Z dim Homg (m ® Wg,w)m .

welrrep(G)

Cr

with w, = dim(7)? and D(K) = |G]|.
» Similarly, fusion hypergroup, i.e. normalized Grothendieck ring Kr
for fusion category F, e.g. Krep(a) = K(G).
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Examples of hypergroups:
» G finite group with ¢* = ¢!, we =1 and D(G) = |G].
» L < K then the double quotient K //L is a hypergroup.
» Character hypergroup K(G) = {cr : ¢ € Irrep(G)} (Frobenius 1896)

drm

Cry O Cry = Z dim Homg (m ® Wg,w)m .

Cr

welrrep(G)

with w, = dim(7)? and D(K) = |G]|.

» Similarly, fusion hypergroup, i.e. normalized Grothendieck ring Kr
for fusion category F, e.g. Krep(a) = K(G).

» One parameter deformation Z = {1, ¢} of Zy with ¢ € [0,1)

pop=(1—¢q) - 1+q-¢ w=gq'

Q@ (w—1)/w

w
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Theorem ((B. '16))

Let K ¢ QuOp(A), then AX(I) = {a € A(I) : ¢1(a) = a for all ¢ € K}
defines a subnet AKX C A.



Theorem ((B. '16))

Let K C QuOp(A), then AK(I) = {a € A(I) : ¢1(a) = a for all ¢ € K}
defines a subnet AKX C A.

Theorem (Galois correspondence for Conformal Nets (B. '16))

Let A be a local conformal net. There is a one-to-one correspondence

BcA @ C QuOp(A)
finite index hypergroup

via Q — A9.
» Order reversing and L < Q and B = AL then A9 = BR/L
> Jones' index [A : A®] = D(Q) := > seq W
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Theorem ((B. '16))
Let K C QuOp(A), then AK(I) = {a € A(I) : ¢1(a) = a for all ¢ € K}
defines a subnet AKX C A.

Theorem (Galois correspondence for Conformal Nets (B. '16))

Let A be a local conformal net. There is a one-to-one correspondence

BcA @ C QuOp(A)
finite index hypergroup

via Q — A9.
» Order reversing and L < Q and B = AL then A9 = BR/L
> Jones' index [A : A®] = D(Q) := > seq W

Corollary ((B. '16))
If H finite Hopf algebra acting on A, then H = CG for a finite group G.
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Algebraic QFT Conformal Field

Subfactors = ¢------------oooooooo oo { Theory (CFT)
o~
v Topological
T
Planar Algebras Catznic;ires PR > Field Theory
& TFT

In binding together elements long-known but heretofore scattered and
appearing unrelated to one another, it suddenly brings order where
there reigned apparent chaos — Henri Poincaré
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A representation 7 of a net I — A(I) is a family of representations
T = {7’[‘[ : A(I) — B(Hﬂ—)},

which is compatible: 7; [ A(I) =7y for I C J.
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A representation 7 of a net I — A(I) is a family of representations
T = {7’[‘[ : A(I) — B(Hﬂ—)},

which is compatible: 7; [ A(I) =7y for I C J.

Example

The vacuum representation: id = {id 4(7): A(I) — B(H)}.
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Doplicher-Haag—Roberts supserselection sectors

7 is a DHR (Doplicher-Haag—Roberts) representation if it fulfills the:

Marce! Bischofl(Obie Univarsil o b Syinmetriesiin QF T beyondhGroups st o i o 07/22/2017, 44



Doplicher—Haag—Roberts supserselection sectors

7 is a DHR (Doplicher-Haag—Roberts) representation if it fulfills the

Selection Criterion: 7 | I’ = id [ I’ for any I, i.e. there is a unitary
Ur: Hr — H, such that

Urry(a) = aUf fora € A(J), JC I

I
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Doplicher—Haag—Roberts supserselection sectors

7 is a DHR (Doplicher-Haag—Roberts) representation if it fulfills the

Selection Criterion: 7 | I’ = id [ I’ for any I, i.e. there is a unitary
Ur: Hr — H, such that

Urry(a) = aUf fora € A(J), JC I

I

K

> pl =7 with pl = AdU; o 7 is localized in I,
Haag duality ~ pk (A(K)) C A(K) for all K D I.
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Doplicher—Haag—Roberts supserselection sectors

7 is a DHR (Doplicher-Haag—Roberts) representation if it fulfills the

Selection Criterion: 7 | I’ = id [ I’ for any I, i.e. there is a unitary
Ur: Hr — H, such that

Urry(a) = aUf fora € A(J), JC I

I

K

> pl =7 with pl = AdU; o 7 is localized in I,
Haag duality ~ pk (A(K)) C A(K) for all K D I.
» Unitary equivalence class [7] is a superselection sector = charge
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Doplicher—Haag—Roberts supserselection sectors

7 is a DHR (Doplicher-Haag—Roberts) representation if it fulfills the

Selection Criterion: 7 | I’ = id [ I’ for any I, i.e. there is a unitary
Ur: Hr — H, such that

Urry(a) = aUf fora € A(J), JC I
J I

K

> pl =7 with pl = AdU; o 7 is localized in I,
Haag duality ~ pl (A(K)) C A(K) for all K D I.
» Unitary equivalence class [7] is a superselection sector = charge

» localized endomorphisms can be composed <+ ®-product structure ~»
“addition” of irreducible charges:

pog%@]\f;’(ﬂ', N, ,€10,1,2,...}

where N7 . € {0,1,2,...} and [p],[o], [7] are irreducible charges.
Marcel Bischoff (Ohio University)
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Braiding due to (Fredenhagen—Rehren—Schroer '89)

It holds p! o 0/ = a7 0 p! for I < Jor (J < I).



Braiding due to (Fredenhagen—Rehren—Schroer '89)

It holds p’ 0 0/ = o/ 0 p! for I < J or (J < I).

Then there is a natural family {¢,, € Hom(poo,o00p)}
gpopoo(-)=poo(-)epo

fixed by asking 1 ;o =1 for I > J.

o P

\
)

p o
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Braiding due to (Fredenhagen—Rehren—Schroer '89)

It holds p’ 0 0/ = o/ 0 p! for I < J or (J < I).

Then there is a natural family {¢,, € Hom(poo,o00p)}

epopoo(-)=poo(-)epe

fixed by asking 1 ;o =1 for I > J.

o P
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Braiding due to (Fredenhagen—Rehren—Schroer '89)

It holds p’ 0 0/ = o/ 0 p! for I < J or (J < I).

Then there is a natural family {¢,, € Hom(poo,o00p)}
gpopoo(-)=poo(-)epo

fixed by asking 1 ;o =1 for I > J.

p o

~> Yang—Baxter relation, braid group representations, ...
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» A net A is called rational if it has only finitely many irreducible
equivalence classes (sectors) Irr(Rep(.A)) with finite quantum
dimension, i.e. Rep(.A) is a unitary fusion category.
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» A net A is called rational if it has only finitely many irreducible
equivalence classes (sectors) Irr(Rep(.A)) with finite quantum
dimension, i.e. Rep(.A) is a unitary fusion category.

> (Kawahigashi-Longo—Miiger '01) ~ Rep(.A) is a unitary modular tensor
category with global dimension:

Dim(Rep(A)) := > dim(p)® = [A(E') : A(E)]
p€lrr(Rep(A))
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» A net A is called rational if it has only finitely many irreducible
equivalence classes (sectors) Irr(Rep(.A)) with finite quantum
dimension, i.e. Rep(.A) is a unitary fusion category.

> (Kawahigashi-Longo—Miiger '01) ~ Rep(.A) is a unitary modular tensor
category with global dimension:

Dim(Rep(A)) := > dim(p)® = [A(E') : A(E)]
p€lrr(Rep(A))

» A net A is called holomorphic if the only irreducible sector is the

br
vacuum sector, i.e. Rep(A) = Vect.
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» A net A is called rational if it has only finitely many irreducible
equivalence classes (sectors) Irr(Rep(.A)) with finite quantum
dimension, i.e. Rep(.A) is a unitary fusion category.

> (Kawahigashi-Longo—Miiger '01) ~ Rep(.A) is a unitary modular tensor
category with global dimension:

Dim(Rep(A)) := > dim(p)® = [A(E') : A(E)]
p€lrr(Rep(A))

» A net A is called holomorphic if the only irreducible sector is the

br
vacuum sector, i.e. Rep(A) = Vect.

Theorem ((Kawahigashi-Longo—Miiger '01), (B. '16))

A rational and Q € QuOp(.A) finite hypergroup, then A% is rational and
Dim(Rep(A?)) = D(Q)? Dim(Rep(A)).
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Twisted representations (after Miiger)

» Let a € Aut(A). An a-twisted representation is a representation
which is a-localized in some interval I, i.e. for every I} < I < Iy we
have

pr, =1d a(1y) s pI, = Qr,

» Let G < Aut(A), then we have the category G-Rep(.A) generated
by a-twisted representations with o € G.

» (Miiger '05) This category has an action of G and we can form the
equivariantization G—Rep(.A)¢ which is braided equivalent to
Rep(AY).

> (Dijkgraaf-Pasquier—Roche '90), (Miiger '10)

Let G < Aut(A) a finite group, A holomorphic then
Rep(AY) = Rep(D*(G)) (twisted quantum double)
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Similarly, we can define Q—Rep(.A) for every hypergroup @ C QuOp(A).

Theorem ((B. '16))

If A is holomorphic, then Q—Rep(A) is a categorification of Q, i.e.
KQ_Rep(4) = Q and superselection theory is given by Drinfel'd center
aka quantum double:

br
Rep(A?) = Z(Q-Rep(A)).
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Similarly, we can define Q—Rep(.A) for every hypergroup @ C QuOp(A).

Theorem ((B. '16))

If A is holomorphic, then Q—Rep(A) is a categorification of Q, i.e.
KQ_Rep(4) = Q and superselection theory is given by Drinfel'd center
aka quantum double:

br
Rep(A?) 2 Z(Q-Rep(A)).
Interpretation: The category of (Q-equivariant ()-twisted representations:

br

Rep(A?) = (Q-Rep(A))% .

arcel Bischoff (Ohio Universi Symmetries in QFT beyond Groups . 07/22/2017
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Similarly, we can define Q—Rep(.A) for every hypergroup @ C QuOp(A).

Theorem ((B. '16))

If A is holomorphic, then Q—Rep(A) is a categorification of Q, i.e.
KQ_Rep(4) = Q and superselection theory is given by Drinfel'd center
aka quantum double:

br
Rep(A?) 2 Z(Q-Rep(A)).
Interpretation: The category of (Q-equivariant ()-twisted representations:

br

Rep(A?) = (Q-Rep(A))% .

Question

Do all unitary fusion categories arises as Q—Rep(.A) for some conformal
net A?

If true ~ all unitary 3-2-1-0 extended TFTs come from Conformal Nets.
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Theorem ((B. '16))
Let A be rational and Q C QuOp(.A) hypergroup.

> Q = KQ_Rep(A)// KRrep(a) and

Z(Q-Rep(A))

_=t
br/ - lforget

_-

Rep(A) ——— Q—-Rep(A)
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Theorem ((B. '16))
Let A be rational and Q C QuOp(.A) hypergroup.

> Q = KQ_Rep(A)// KRrep(a) and

Z(Q=Rep(A))
/b/r/ T ! lforget

Rep(A) ——— Q—-Rep(A)

Drinfel'd center formula (®-categorical abstract non-sense) (Ocneanu,
Bockenhauer—Evans—Kawahigashi, Davydov-Miiger—Nikshych—Ostrik):

~ Z(Q-Rep(A)) = Rep(A?) B Rep(A)
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Theorem ((B. '16))
Let A be rational and Q C QuOp(.A) hypergroup.

> Q = KQ_Rep(A)// KRrep(a) and

Z(Q=Rep(A))
b/r//,/), lforget

(>

Rep(A) ——— Q—-Rep(A)

Drinfel'd center formula (®-categorical abstract non-sense) (Ocneanu,
Bockenhauer—Evans—Kawahigashi, Davydov-Miiger—Nikshych—Ostrik):

br .
~ Z(Q-Rep(A)) = Rep(A?) K Rep(A),
Interpretation: ()—Rep(A) is a Q-hypergraded extension of Rep(.A) and

Rep(A?) = (Q-Rep(A)® = Rep(A) 1 Z(O-TRep(A)).

(Miiger centralizer)
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Conformal net by example

Chiral Wess—Zumino—-Witten model (YWZW) given by:
Loop group net of i at level k. G compact Lie group, LG = C*®(S!, G)

A, (I) = mo(L1G)", L;G ={v € LG :suppy C I}

gives a net on S! and by restriction a net on R =2 S\ {—1}.

Marcel Bischoff (Ohio University) . ~ Symmetries in QFT beyond Groups . _— 07/22/2017



Example (Rep(Aguy2),) (Wassermann))

Irreducible representations {0, 1 7o Lo o ,%}:

min(i+j,k—i—j)

iixll= @ M

n=li—j|



Example (REp(AgU(g ) (Wassermann))

Irreducible representations {0, 1 Sadloocs; g}

min(i+5,k—i—7j)

iixll= @ M

n=[i—j|

Rep(Asy(2),) is ®-generated by %—representation p1.
2

1 k=1 k
0 2 1 2 2
Ak+1 : —eo— o cee ——eo

Statistical dimension:

d,o1 _2C08<kj—2>

Braiding: given essentially by the Jones polynomial at some root of unity.
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Consider A = Agy(2), C B = Asu2),

D4 = 1Z3 ‘ &
PO

Asg :
p2

Marcel Bischoff (Ohio University)

I . a

B1
5 Asu(3),
U
P
] Asu(2),

~ Symmetries in QFT beyond Groups .

X Lo = Asu(s),
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Consider A = Agy2), C B = Agy(2), X Z2 = Asy(3),

B1
7 Bo 43
Dy = 1%s . 5 Asua),
U
w %
£1
As: o Asu(2),

> B are sectors of Rep(Agy(s),) with Zz—fusion rules.

» o1 is a soliton with dimension /3.
2

Theorem ((B.'16+))

All 14 tensor categories with A abelian group and |A| odd arise as
Zy—-Rep(A) for some lattice (= torus loop group) conformal net Apn, .
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Quantum Galois Correspondence: Eg example

ol ..
AES,I
.g_l__,
ASpin(16)1
ASpm(E) )1 xSpin(11); A'D(Ee)
ASU(Q)lo ><Sp1n(11




Defects/Phase boundaries

Definition
Let By, Br O A. An A-topological B;—Bg defect (or phase boundary)
are extensions A C By, Bg C D on the same Hilbert space:

[B(I),D(J)] = {0} I<J By, is left local wrt D
[Br(K),D(J)]={0} K>J By is right local wrt D
= [BL(I), Br(K)] = {0} I <K  Bgis right local wrt By,

,,,,,,,,, e |
boundary

Describes a topological defect (invisible for A) between By, and Bg.
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Let A be holomorphic.
» We say G < Aut(A) if is anomaly free if the associated
[w] € H3(G,T) is trivial.
~+ We can form A x G (choice of H?(G,T)) which is an
AC%-topological defect between A and A//G.
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Let A be holomorphic.
» We say G < Aut(A) if is anomaly free if the associated
[w] € H3(G,T) is trivial.
~+ We can form A x G (choice of H?(G,T)) which is an
AC%-topological defect between A and A//G.

Example

Let I be the Leech lattice, then there is a holomorphic conformal net
Ar = Ag2sr and the reflection gives anomaly free Zy < Aut(Ar).
Moonshine net (Kawahigashi-Longo '06)?

AY = Ar ) Zo
Aut(A*) = M the Monster group with [M| ~ 8 - 10°3

?assoc. w. the Frenkel-Lepowski-Meurman Moonshine Vertex Algebra V*
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Let A be holomorphic.
» We say G < Aut(A) if is anomaly free if the associated
[w] € H3(G,T) is trivial.
~+ We can form A x G (choice of H?(G,T)) which is an
AC%-topological defect between A and A//G.

Example
Let I be the Leech lattice, then there is a holomorphic conformal net
Ar = Ag2sr and the reflection gives anomaly free Zy < Aut(Ar).
Moonshine net (Kawahigashi-Longo '06)?
AY = Ar ) Zo
Aut(A*) = M the Monster group with [M| ~ 8 - 10°3

?assoc. w. the Frenkel-Lepowski-Meurman Moonshine Vertex Algebra V*

Mathematical Physics ~» Pure Mathematics
([w]> = Zog < HS(M,T) (Johnson-Frey '17) <[w]> K H?’(M, T)
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If G is non-abelian then the “dual” G (more precisly (CG)*) is only a
Hopf/Kac algebra. 3 reverse twisted orbifold B/ G with

(-

AL ap =B D By — A o
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If G is non-abelian then the “dual” G (more precisly (CG)*) is only a
Hopf/Kac algebra. 3 reverse twisted orbifold B/ G with

AL ap =B D By — A o

Definition
We say a finite-dim Hopf/Kac algebra H acts anomaly free on A if 3

®
@ < QuOp(A) with @ = Kcorep(zr) and Q-Rep(A) = Rep(H).
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If G is non-abelian then the “dual” G (more precisly (CG)*) is only a
Hopf/Kac algebra. 3 reverse twisted orbifold B/ G with

())&

AWG qpa =8 = 2

Definition
We say a finite-dim Hopf/Kac algebra H acts anomaly free on A if 3

®
@ < QuOp(A) with @ = Kcorep(zr) and Q-Rep(A) = Rep(H).

Theorem ((B. (unpublished)))

If H acts anomaly free on A 3 holomorphic net AJJH, such that A x H is
a A? topological defect between A and Aj/H, namely

A/ H(a,b) = (Ax H)(a,b)N (A x H)(—o0,a)’
Further, H acts anomaly free on AJJ/H and AJH)H = A.
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Full CFTs

One can define a conformal net on
Minkowski space by

t
T A2(0) = Ay (I) ® A-(I2)
A 0/) where AL are conformal nets on R.
Il\\/.A Iy N Full CFTs based on A1 completely rational

are given by maximal local extensions
B2(0) D Ay (L) ® A_(I2),

such that Bs has only the vacuum sector.

» Locality. [B2(0O1),B2(02)] = {0} if O1 and Oy are space like
separated.
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Full CFTs

One can define a conformal net on
Minkowski space by

t
T A2(0) = AL (L) ® A_(12)
A 0/) where AL are conformal nets on R.
Il\\/.A Iy N Full CFTs based on A1 completely rational

are given by maximal local extensions
B2(0) D Ay (L) ® A_(I2),

such that Bs has only the vacuum sector.

» Locality. [B2(0O1),B2(02)] = {0} if O1 and Oy are space like
separated.

» Physically, the conformal net A, describes (generalized) symmetries
of the full CFT B;.
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Full CFTs with Topological Defect Lines

\j:\OX \f}OR/\/ » Defect line invisible for the
Cors | - subnet Ay (conserves
N symmetries prescribed by A)
> Different realization <
oL Bi.(O1) different b.oundary conditions
Oxp — { D(0Oy) » D (A2)(0a) * A-topological By-Br defect
Or Br(ORr) line.
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Theorem ((B-Kawahigashi-Longo—Rehren '15),(B-Kawahigashi-Longo-Rehren '16))

Let By,, Br maximal local extensions of A ® A and A completely rational.
Then A ® A-topological Br,—Br phase boundaries can be classified from
the categorical data associated with Rep(A) as in
(Fréhlich—Fuchs—Runkel-Schweigert '07)
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Theorem ((B-Kawahigashi-Longo—Rehren '15),(B-Kawahigashi-Longo-Rehren '16))

Let Br,, Br maximal local extensions of A ® A and A completely rational.
Then A ® A-topological Br,—Br phase boundaries can be classified from
the categorical data associated with Rep(A) as in
(Fréhlich—Fuchs—Runkel-Schweigert '07)

Theorem ((B.))

Assume Q C QuOp(.A) is a finite hypergroup and A rational conformal
net on S'.

Consider A° @ A C A® A C By, where A® A C By is the canonical
Longo—Rehren extension (Cardy case).

Then there is a one-to-one correspondence between A ® A-topological
Bo-Bo defects and sectors in Q—Rep(.A).
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Kramers—Wannier duality of the conformal Ising model:
The unique full CFT By D Viry o ®W1/2 has a duality defect which gives
rise to the duality

(1,0,¢) «— (1, u, —€)
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. , zZ 1 :
Generalizes to a duality defect ai for By D AS%(3)1 ® Asy(3), :

(17 Ox15>0x2> 6) — (17 Hx1s Hoxas _E)

with Zs = {1, x1, x2}. Remember Aé%(?)h = Asu(2), C Asu(),

8
3 3
Dy = 1% . 5 Asu(s),
U
.
p1
s o Asu(2),

More general, for every 14 (Tambara—Yamagami) fusion category.
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Outlook

Generalized Orbifolds
> Find all finite hypergroups in QuOp(Ag; ), construct the
hypothetical Haagerup CFT of (Evans—Gannon '11).
> Infinite, e.g. compact hypergroup actions ~» analytical and
approximation properties
» Is QuOp(.A) always a compact hypergroup and AQuOP(A) — Vi 47
» What is Rep(Vir.) for ¢ > 1 and can we classify all rational
conformal nets by a nice structure similar to Rep(TLJ)?
Reconstruction Program:

» Given algebraic data of planar algebra, fusion category or
subfactor construct a conformal net such that defects revover the
planar algebra, fusion category or subfactor, respectively.

Marcel Bischoff (Ohio University) a ~ Symmetries in QFT beyond Groups . - 07/22/2017



i
-
¥

: ‘cbno.o S




ﬁ Marcel Bischoff.
Generalized orbifold construction for conformal nets, 2017.

@ Marcel Bischoff, Yasuyuki Kawahigashi, Roberto Longo, and
Karl-Henning Rehren.
Tensor categories and endomorphisms of von Neumann algebras—with
applications to quantum field theory, volume 3 of Springer Briefs in
Mathematical Physics.
Springer, Cham, 2015.

[@ Marcel Bischoff, Yasuyuki Kawahigashi, Roberto Longo, and
Karl-Henning Rehren.
Phase Boundaries in Algebraic Conformal QFT.
Comm. Math. Phys., 342(1):1-45, 2016.

[@ R. Dijkgraaf, V. Pasquier, and P. Roche.
Quasi Hopf algebras, group cohomology and orbifold models.
Nuclear Phys. B Proc. Suppl., 18B:60-72 (1991), 1990.
Recent advances in field theory (Annecy-le-Vieux, 1990).

Marcel Bischoff (Ohio University) . Symmetries in QFT beyond Groups .. 07/22/2017



[@ David E. Evans and Terry Gannon.
The exoticness and realisability of twisted Haagerup-lzumi modular
data.
Comm. Math. Phys., 307(2):463-512, 2011.

[@ K. Fredenhagen, K.-H. Rehren, and B. Schroer.
Superselection sectors with braid group statistics and exchange

algebras. I. General theory.
Comm. Math. Phys., 125(2):201-226, 1989.

[@ Y. Kawahigashi, Roberto Longo, and Michael Miiger.
Multi-Interval Subfactors and Modularity of Representations in
Conformal Field Theory.

Comm. Math. Phys., 219:631-669, 2001.

[M Michael Miiger.
Conformal Orbifold Theories and Braided Crossed G-Categories.
Comm. Math. Phys., 260:727-762, 2005.

Miair<1 Biscraailio b A e e ot iiieciniOR Tk B ik il i el 07/00/0017



Michael Miiger.
On superselection theory of quantum fields in low dimensions.
In XVIth International Congress on Mathematical Physics, page
496-503. World Sci. Publ., Hackensack, NJ, 2010.



